
9Xd "�bBb �M/ /BK2MbBQM- MmHH bT�+2- �M/ i?2 MQiBQM Q7 bm#bT�+2 Q7 � bm#bT�+2X

yX �bbmK2/ #�+F;`QmM/X

Ç q?�i2p2` ?�b #22M +Qp2`2/ BM hQTB+b R@j- 2bT2+B�HHv,ě
∗ kXk _Qr@2+?2HQM 7Q`Kb �M/ `2/m+2/ `Qr@2+?2HQM 7Q`KbX
∗ kXj 1tBbi2M+2 Q7 `2/m+2/ `Qr@2+?2HQM 7Q`K `Qr@2[mBp�H2Mi iQ ;Bp2M K�i`Bt- U�M/ i?2 mMB[m2M2bb [m2biBQMVX
∗ kX9 aQHpBM; bvbi2Kb Q7 HBM2�` 2[m�iBQMbX

Ç 9X9 "�bBb 7Q` bm#bT�+2b Q7 +QHmKM p2+iQ`bX
Ç 9X8 .BK2MbBQM 7Q` bm#bT�+2b Q7 +QHmKM p2+iQ`bX
Ç 9Xe aT�M- +QHmKM bT�+2- `Qr bT�+2- �M/ KBMBK�H bT�MMBM; b2iX

�#bi`�+iX q2 BMi`Q/m+2,ě
Ç � i?2Q`2iB+�H `2bmHi r?B+? `2@7Q`KmH�i2b Qm` 2�`HB2` mM/2`bi�M/BM; �#Qmi ?QKQ;2M2Qmb bvbi2Kb Q7 HBM2�` 2[m�@

iBQMb BM i2`Kb Q7 MmHH bT�+2- bT�M- #�bBb �M/ /BK2MbBQM- �M/ BM7Q`Kb mb �#Qmi i?2 /BK2MbBQM Q7 i?2 MmHH bT�+2
Q7 �M �`#Bi`�`v K�i`BtX

Ç i?2 MQiBQM Q7 bm#bT�+2 Q7 � bm#bT�+2 Q7 RnX
Ç bQK2 i?2Q`2iB+�H `2bmHib �#Qmi /BK2MbBQM 7Q` ;2M2`�H bm#bT�+2b Q7 Rn- QM2 Q7 i?2K �#Qmi `2@7Q`KmH�iBQM 7Q` i?2

MQiBQM Q7 #�bBb- �M/ �MQi?2` �#Qmi BM2[m�HBiv #2ir22M � bm#bT�+2 Q7 Rn �M/ �Mv QM2 Q7 Bib bm#bT�+2X

AM i?2 �TT2M/Bt- i?2 T`QQ7b 7Q` i?Qb2 i?2Q`2iB+�H `2bmHib �#Qmi /BK2MbBQM 7Q` ;2M2`�H bm#bT�+2b Q7 Rn �`2 T`QpB/2/X

RX "2HQr Bb r?�i r2 FMQr 7`QK i?2 /2}MBiBQMb 7Q` i?2 MQiBQMb Q7 #�bBb �M/ /BK2MbBQM 7Q` � ;2M2`�H bm#bT�+2 Q7 Rq

r?B+? Bb MQi i?2 x2`Q bm#bT�+2,ě
G2i W #2 � bm#bT�+2 Q7 RqX amTTQb2 W "= {0q}X
amTTQb2 u1,u2, · · · ,un ∈ WX h?2M u1,u2, · · · ,un +QMbiBimi2 � #�bBb 7Q` W Qp2` i?2 `2�Hb B7 �M/ QMHv B7 i?2
bi�i2K2Mib U"GV- U"aV ?QH/,ě

U"GV u1,u2, · · · ,un �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX
U"aV 1p2`v +QHmKM p2+iQ` #2HQM;BM; iQ W Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,un Qp2` i?2 `2�HbX

h?2 MmK#2` Q7 +QHmKM p2+iQ`b BM i?2 +QHH2+iBQM u1,u2, · · · ,un- M�K2Hv n- Bb +�HH2/ i?2 /BK2MbBQM Q7 W Qp2` i?2
`2�HbX

kX � #B; T`Q#H2K rBi? i?Bb /2}MBiBQM �TT2�`b r?2M r2 i`v iQ mb2 Bi BM +?2+FBM; r?2i?2` � +QHH2+iBQM Q7 +QHmKM p2+iQ`b
BM/22/ +QMbiBimi2b � #�bBb 7Q` � ;Bp2M bm#bT�+2 Q7 Rq Qp2` i?2 `2�Hb, � HQi Q7 +QKTmi�iBQM ?�b iQ #2 /QM2 BM Q`/2` iQ
b22 r?2i?2` i?2 bi�i2K2Mi U"aV ?QH/b 7Q` bm+? � +QHH2+iBQM Q7 +QHmKM p2+iQ`b- #2+�mb2 Bi Bb 2bb2MiB�HHv �#Qmi � b2i
2[m�HBiv #2ir22M i?2 ;Bp2M bm#bT�+2 �M/ i?2 bT�M Q7 i?Qb2 ;Bp2M +QHmKM p2+iQ`bX
q2 K�v rQM/2`,ě
Zm2biBQM URVX Ab i?2`2 bQK2 2[mBp�H2Mi 7Q`KmH�iBQM 7Q` i?2 MQiBQM Q7 #�bBb i?�i rBHH ?2HT mb /Q +QKTmi�iBQMb BM
T`�+iB+2\
�M �Mbr2` iQ i?Bb [m2biBQM Bb T`QpB/2/ #v i?2 i?2Q`2iB+�H `2bmHi #2HQr- r?Qb2 T`QQ7 rBHH #2 T`QpB/2/ BM i?2 �TT2M/BtX

jX h?2Q`2K URVX U1[mBp�H2Mi 7Q`KmH�iBQM 7Q` i?2 MQiBQM Q7 #�bBbXV
G2i W #2 � bm#bT�+2 Q7 RqX amTTQb2 u1,u2, · · · ,un ∈ W X
.2MQi2 #v URV- UkV- UjV i?2 bi�i2K2Mib #2HQr U�#Qmi u1,u2, · · · ,un �M/ WV,

URV dim(W) = nX
UkV u1,u2, · · · ,un �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX
UjV 1p2`v +QHmKM p2+iQ` #2HQM;BM; iQ W Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,un Qp2` i?2 `2�HbX

amTTQb2 �Mv irQ bi�i2K2Mib �KQM;bi URV- UkV- UjV ?QH/X
h?2M �HH i?`22 bi�i2K2Mib URV- UkV- UjV ?QH/- �M/ u1,u2, · · · ,un +QMbiBimi2 � #�bBb 7Q` W Qp2` i?2 `2�HbX

9X *QKK2Mi QM i?2 +QMi2Mi Q7 h?2Q`2K URVX h?2 bB;MB}+�M+2 Q7 h?2Q`2K URV HB2b BM i?2 7�+i i?�i mM/2`
i?2 �bbmKTiBQM ǵu1,u2, · · · ,un ∈ WǶ- QM+2 Bi Bb FMQrM i?�i dim(W) = n- r2 +�M BKK2/B�i2Hv +QM}`K r?2i?2`
u1,u2, · · · ,un +QMbiBimi2 � #�bBb 7Q` W #v QMHv �Mbr2`BM; QM2- BMbi2�/ Q7 #Qi?- Q7 [m2biBQMb,

Ç r?2i?2` u1,u2, · · · ,un �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�Hb- Q`
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Ç r?2i?2` u1,u2, · · · ,un bT�M i?2 r?QH2 Q7 W Qp2` i?2 `2�HbX

h?Bb rBHH b�p2 � HQi Q7 2zQ`i BM +�H+mH�iBQMbX

8X q2 �`2 ;QBM; iQ ;Bp2 �M �TTHB+�iBQM Q7 h?2Q`2K URV BM � +QM+`2i2 bBim�iBQMX
q2 T`2T�`2 Qm` r�v #v bi�iBM; � `2bmHi �#Qmi MmHH bT�+2X
h?2Q`2K UkVX U.BK2MbBQM Q7 MmHH bT�+2 Q7 �M �`#Bi`�`v K�i`BtXV
G2i A #2 �M (p× q)@K�i`Bt rBi? `2�H 2Mi`B2bX
amTTQb2 i?�i i?2 `�MF Q7 A Bb rX
h?2M i?2 /BK2MbBQM Q7 N (A) Qp2` i?2 `2�Hb Bb q − rX
_2K�`F QM i2`KBMQHQ;vX h?2 MmK#2` dim(N (A)) Bb p2`v Q7i2M `272``2/ iQ �b i?2 MmHHBiv Q7 AX

eX h?2 T`QQ7 Q7 h?2Q`2K UkV Bb MQ KQ`2 i?�M � ǵ`2@T�+F�;BM;Ƕ- BM i2`Kb Q7 MmHH bT�+2- bT�M- #�bBb- �M/ /BK2MbBQM- Q7
r?�i r2 ?�p2 H2�`Mi �#Qmi 7mHH /2b+`BTiBQMb Q7 �HH bQHmiBQMb Q7 ?QKQ;2M2Qmb bvbi2Kb 2�`HB2` QMX Ai Bb QmiHBM2/ #2HQrX
PmiHBM2 Q7 T`QQ7 Q7 h?2Q`2K UkVX
amTTQb2 A Bb � (p × q)@K�i`Bt rBi? `2�H 2Mi`B2b- Q7 `�MF r- �M/ A′ Bb i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@
2[mBp�H2Mi iQ AX q2 �`2 ;QBM; iQ /BbTH�v � #�bBb 7Q` N (A) rBi? q − r +QHmKM p2+iQ`b- mbBM; i?2 2Mi`B2b Q7 i?2 7`22
+QHmKMb BM A′X

U�V amTTQb2 i?�i,ě
Ç i?2 TBpQi +QHmKMb Q7 A′- 7`QK H27i iQ `B;?i- �`2 i?2 d1@i?- d2@i?- XXX- dr@i? +QHmKMb-
Ç i?2 7`22 +QHmKMb Q7 A′- 7`QK H27i iQ `B;?i- �`2 i?2 f1@i?- f2@i?- XXX- fq−r@i? +QHmKMb- �M/
Ç 7Q` 2�+? ! = 1, 2, · · · , q − r- �M/ 7Q` 2�+? k = 1, 2, · · · , r- i?2 k@i? 2Mi`v Q7 i?2 f!@i? +QHmKM Bb αk!X

6Q` 2�+? ! = 1, 2, · · · , q − r- /2}M2 h! iQ #2 i?2 +QHmKM p2+iQ` rBi? q 2Mi`B2b r?Qb2 i@i? 2Mi`v hi! Bb ;Bp2M #v

hi! =






−αj! B7 i = dj 7Q` bQK2 j = 1, 2, · · · , r
1 B7 i = f!
0 Qi?2`rBb2

U#V h?2M i?2 bi�i2K2Mib UGV �M/ UaV ?QH/,
UGV h1,h2, · · · ,hq−r �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�Hb- �M/
UaV 7Q` �Mv t ∈ Rq- t Bb � bQHmiBQM Q7 i?2 ?QKQ;2M2Qmb bvbi2K LS(A, 0p) B7 �M/ QMHv B7

t Bb � HBM2�` +QK#BM�iBQM Q7 h1,h2, · · · ,hq−rX
U+V h?2 bi�i2K2Mi UaV Bb � `2@7Q`KmH�iBQM Q7 i?2 2[m�HBiv

N (A) = aT�M({h1,h2, · · · ,hq−r}).

U/V "2+�mb2 Q7 i?2 p�HB/Biv Q7 UGV �M/ UaV- r2 K�v +QM+Hm/2 i?�i h1,h2, · · · ,hq−r +QMbiBimi2 � #�bBb 7Q` i?2 MmHH
bT�+2 Q7 N (A)X

dX q2 �`2 MQr `2�/v iQ ;Bp2 �M �TTHB+�iBQM Q7 h?2Q`2K URV- BM �Mbr2`BM; i?2 [m2biBQM #2HQr,ě
Zm2biBQM UkVX amTTQb2 A Bb � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2b- �M/ bmTTQb2 u1,u2, · · · ,un �`2 n +QHmKM p2+iQ`b
rBi? q `2�H 2Mi`B2bX
>Qr iQ bvbi2K�iB+�HHv �M/ K2i?Q/B+�HHv /2i2`KBM2 r?2i?2` u1,u2, · · · ,un +QMbiBimi2 � #�bBb 7Q` i?2 MmHH bT�+2 N (A)

Q7 A- rBi?Qmi ?�pBM; iQ p2`B7v N (A) = aT�M({u1,u2, · · · ,un})\
�M �Mbr2` iQ Zm2biBQM UkV Bb BM i?2 7Q`K Q7 h?2Q`2K UjV �M/ Bib �bbQ+B�i2/ �H;Q`Bi?K #2HQrX �b +�M #2 b22M- r2
ǵ7�pQm`Ƕ i?2 mb2 Q7 i?2 MQiBQM Q7 HBM2�` BM/2T2M/2M+2X

3X h?2Q`2K UjVX U*Q`QHH�`v iQ h?2Q`2K URVXV
amTTQb2 A Bb � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2b- rBi? `�MF r- �M/ bmTTQb2 u1,u2, · · · ,un ∈ RqX
h?2M u1,u2, · · · ,un +QMbiBimi2 � #�bBb 7Q` N (A) Qp2` i?2 `2�Hb B7 �M/ QMHv B7 �HH Q7 U�V- U#V- U+V #2HQr ?QH/
bBKmHi�M2QmbHv,ě

U�V Auj = 0p 7Q` 2�+? j = 1, 2, · · · , nX
U#V n = q − rX
U+V u1,u2, · · · ,un �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX
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NX �H;Q`Bi?K �bbQ+B�i2/ rBi? h?2Q`2K UjVX
amTTQb2 A Bb � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2b- �M/ bmTTQb2 u1,u2, · · · ,un �`2 n +QHmKM p2+iQ`b rBi? q `2�H 2Mi`B2bX
q2 T`Q+22/ �b /2b+`B#2/ #2HQr iQ /2i2`KBM2 r?2i?2` u1,u2, · · · ,un +QMbiBimi2 � #�bBb 7Q` N (A),ě
ai2T URVX �bF,ě
Ab Bi i`m2 i?�i Auj = 0p 7Q` 2�+? j = 1, 2, · · · , q\

Ç A7 MQ- +QM+Hm/2 i?�i u1,u2, · · · ,un /Q MQi +QMbiBimi2 � #�bBb 7Q` N (A) Qp2` i?2 `2�HbX
Ç A7 v2b- ;Q iQ ai2T UkVX

ai2T UkVX P#i�BM i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K A′ r?B+? Bb `Qr@2[mBp�H2Mi iQ A- �M/ #v BMbT2+iBM; A′- `2�/ Qz
i?2 `�MF r Q7 AX *QM+Hm/2 i?�i dim(N (A)) = q − r- �M/ 7m`i?2` �bF,ě
Ab Bi i`m2 i?�i n = q − r\

Ç A7 MQ- +QM+Hm/2 i?�i u1,u2, · · · ,un /Q MQi +QMbiBimi2 � #�bBb 7Q` N (A) Qp2` i?2 `2�HbX
Ç A7 v2b- ;Q iQ ai2T UjVX

ai2T UjVX 6Q`K i?2 K�i`Bt U = [ u1 u2 · · · un ]- �M/ Q#i�BM i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K U ′ r?B+? Bb
`Qr@2[mBp�H2Mi iQ U X �bF,ě
Ab 2p2`v +QHmKM Q7 U ′ � TBpQi +QHmKM\

Ç A7 MQ- +QM+Hm/2 i?�i u1,u2, · · · ,un �`2 HBM2�`Hv /2T2M/2Mi Qp2` i?2 `2�Hb- �M/ 7m`i?2` +QM+Hm/2 i?�i i?2v /Q MQi
+QMbiBimi2 � #�bBb 7Q` N (A) Qp2` i?2 `2�HbX

Ç A7 v2b- +QM+Hm/2 i?�i u1,u2, · · · ,un �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�Hb- �M/ 7m`i?2` +QM+Hm/2 i?�i i?2v
+QMbiBimi2 � #�bBb 7Q` N (A) Qp2` i?2 `2�HbX

RyX 1t�KTH2 URVX UAHHmbi`�iBQM Q7 i?2 �H;Q`Bi?K 7Q` /2i2`KBMBM; r?2i?2` bQK2 ;Bp2M +QHmKM p2+iQ`b
+QMbiBimi2 � #�bBb 7Q` i?2 MmHH bT�+2 Q7 � ;Bp2M K�i`BtXV

U�V G2i A =

[
1 2 0 1
1 1 1 −1
3 1 5 −7

]
- �M/ W = N (A)X G2i u1 =




1
−1
1
1



- u2 =




5
−3
−1
1



X

q2 +?2+F r?2i?2` u1,u2 +QMbiBimi2 � #�bBb 7Q` WX
BX q2 ?�p2 Au1 = 03 �M/ Au2 = 03X h?2M u1,u2 ∈ W X
BBX q2 Q#i�BM i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K A′ r?B+? Bb `Qr@2[mBp�H2Mi iQ A,

A =

[
1 2 0 1
1 1 1 −1
3 1 5 −7

]
−→ · · · · · · −→

[
1 0 2 −3
0 1 −1 2
0 0 0 0

]
= A′

h?2`2 �`2 irQ TBpQi +QHmKMb BM A′X h?2M i?2 `�MF Q7 A Bb 2X
h?2`27Q`2 dim(W) = 4− 2 = 2X
U_2+�HH i?�i i?2`2 �`2 �HiQ;2i?2` 2 +QHmKM p2+iQ`b �KQM;bi u1,u2XV

BBBX .2}M2 U = [ u1 u2 ]X q2 Q#i�BM i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K U ′ r?B+? Bb `Qr@2[mBp�H2Mi iQ U ,

U =




1 5
−1 −3
1 −1
1 1



 −→ · · · · · · −→




1 0
0 1
0 0
0 0



 = U ′

1p2`v +QHmKM BM U ′ Bb � TBpQi +QHmKMX h?2M u1,u2 �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX
>2M+2 u1,u2 +QMbiBimi2 � #�bBb 7Q` WX

U#V G2i A =

[
1 2 0 1 7
1 1 1 −1 3
3 1 5 −7 1

]
- �M/ W = N (A)X G2i u1 =





2
−5
1
1
1



- u2 =





2
2
0
1
−1



- u3 =





−1
8
−2
−1
−2



X

q2 +?2+F r?2i?2` u1,u2,u3 +QMbiBimi2 � #�bBb 7Q` WX
BX q2 ?�p2 Au1 = 05- Au2 = 05 �M/ Au3 = 05X h?2M u1,u2,u3 ∈ W X
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BBX q2 Q#i�BM i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K A′ r?B+? Bb `Qr@2[mBp�H2Mi iQ A,

A =

[
1 2 0 1 7
1 1 1 −1 3
3 1 5 −7 1

]
−→ · · · · · · −→

[
1 0 2 −3 −1
0 1 −1 2 4
0 0 0 0 0

]
= A′

h?2`2 �`2 irQ TBpQi +QHmKMb BM A′X h?2M i?2 `�MF Q7 A Bb 2X
h?2`27Q`2 dim(W) = 5− 2 = 3X
U_2+�HH i?�i i?2`2 �`2 �HiQ;2i?2` 3 +QHmKM p2+iQ`b �KQM;bi u1,u2,u3XV

BBBX .2}M2 U = [ u1 u2 u3 ]X q2 Q#i�BM i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K U ′ r?B+? Bb `Qr@2[mBp�H2Mi iQ U ,

U =





2 2 −1
−5 2 8
1 0 −2
1 1 −1
1 −1 −2



 −→ · · · · · · −→





1 0 0
0 1 0
0 0 1
0 0 0
0 0 0



 = U ′

1p2`v +QHmKM BM U ′ Bb � TBpQi +QHmKMX h?2M u1,u2,u3 �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX
>2M+2 u1,u2,u3 +QMbiBimi2 � #�bBb 7Q` WX

U+V G2i A =

[
1 2 0 1
1 1 1 −1
3 1 5 −7

]
- �M/ W = N (A)X G2i u1 =




1
1
1
−3



- u2 =




0
0
1
1



X

q2 +?2+F r?2i?2` u1,u2 +QMbiBimi2 � #�bBb 7Q` WX

LQi2 i?�i Au1 =

[
0
6
30

]
"= 03X h?2M u1 /∈ W X

>2M+2 u1,u2 /Q MQi +QMbiBimi2 � #�bBb 7Q` W Qp2` i?2 `2�HbX

U/V G2i A =

[
1 2 0 1
1 1 1 −1
3 1 5 −7

]
- �M/ W = N (A)X G2i u1 =




1
−1
1
1



X

q2 +?2+F r?2i?2` u1,u2 +QMbiBimi2 � #�bBb 7Q` WX
BX LQi2 i?�i Au1 = 03 X

h?2M u1 ∈ W X
BBX q2 Q#i�BM i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K A′ r?B+? Bb `Qr@2[mBp�H2Mi iQ A,

A =

[
1 2 0 1
1 1 1 −1
3 1 5 −7

]
−→ · · · · · · −→

[
1 0 2 −3
0 1 −1 2
0 0 0 0

]
= A′

h?2`2 �`2 irQ TBpQi +QHmKMb BM A′X h?2M i?2 `�MF Q7 A Bb 2X
h?2`27Q`2 dim(W) = 4− 2 = 2X
LQi2 i?�i i?2`2 Bb QMHv QM2 +QHmKM p2+iQ`b �KQM;bi u1X U>Qr2p2`- 2p2`v #�bBb 7Q` W Kmbi +QMbBbi Q7 irQ
+QHmKM p2+iQ`bXV >2M+2 u1 /Q2b MQi +QMbiBimi2 � #�bBb 7Q` W Qp2` i?2 `2�HbX

U2V G2i A =

[
1 2 0 1 7
1 1 1 −1 3
3 1 5 −7 1

]
- �M/ W = N (A)X G2i u1 =





2
−5
1
1
1



- u2 =





2
2
0
1
−1



- u3 =





0
−7
1
0
2



X

q2 +?2+F r?2i?2` u1,u2,u3 +QMbiBimi2 � #�bBb 7Q` WX
BX q2 ?�p2 Au1 = 05- Au2 = 05 �M/ Au3 = 05X h?2M u1,u2,u3 ∈ W X
BBX q2 Q#i�BM i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K A′ r?B+? Bb `Qr@2[mBp�H2Mi iQ A,

A =

[
1 2 0 1 7
1 1 1 −1 3
3 1 5 −7 1

]
−→ · · · · · · −→

[
1 0 2 −3 −1
0 1 −1 2 4
0 0 0 0 0

]
= A′

h?2`2 �`2 irQ TBpQi +QHmKMb BM A′X h?2M i?2 `�MF Q7 A Bb 2X
h?2`27Q`2 dim(W) = 5− 2 = 3X
U_2+�HH i?�i i?2`2 �`2 �HiQ;2i?2` 3 +QHmKM p2+iQ`b �KQM;bi u1,u2,u3XV

BBBX .2}M2 U = [ u1 u2 u3 ]X q2 Q#i�BM i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K U ′ r?B+? Bb `Qr@2[mBp�H2Mi iQ U ,

U =





2 2 0
−5 2 −7
1 0 1
1 1 0
1 −1 2



 −→ · · · · · · −→





1 0 1
0 1 −1
0 0 0
0 0 0
0 0 0



 = U ′
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LQi 2p2`v +QHmKM BM U ′ Bb � TBpQi +QHmKMX h?2M u1,u2,u3 �`2 HBM2�`Hv /2T2M/2Mi Qp2` i?2 `2�HbX
>2M+2 u1,u2,u3 /Q MQi +QMbiBimi2 � #�bBb 7Q` WX

RRX a2`pBM; �b � TBHH�` Q7 bmTTQ`i 7Q` h?2Q`2K URV Bb �M BKTQ`i�Mi i?2Q`2iB+�H `2bmHi �#Qmi /BK2MbBQM- r?B+? r2 �`2
;QBM; iQ BMi`Q/m+2 BKK2/B�i2Hv �7i2` i?2 /2}MBiBQM 7Q` i?2 MQiBQM Q7 bm#bT�+2 Q7 � bm#bT�+2- rBi? r?B+? r2 7Q`KmH�i2
i?2 `2bmHi +QM+2`M2/X
.2}MBiBQMX Uam#bT�+2 Q7 � bm#bT�+2XV
G2i V,W #2 bm#bT�+2b Q7 Rq Qp2` i?2 `2�HbX
q2 b�v V Bb � bm#bT�+2 Q7 W Qp2` i?2 `2�Hb B7 �M/ QMHv B7 i?2 bi�i2K2Mi (†) ?QH/b,

(†) 6Q` �Mv x ∈ Rq- B7 x ∈ V i?2M x ∈ W X

_2K�`FX AM TH�BM rQ`/b- i?2 bi�i2K2Mi (†) `2�/b,

ǵ2p2`v +QHmKM p2+iQ` r?B+? #2HQM;b iQ V rBHH �miQK�iB+�HHv #2HQM; iQ W �b r2HHǶX

q2 �`2 BMi2`2bi2/ BM bm+? � T�B` Q7 ǵ+QKT�`�#H2Ƕ bm#bT�+2b Q7 Rq Qp2` i?2 `2�HX
6m`i?2` `2K�`FX �b +�M #2 b22M BM 1t�KTH2 UkV �M/ 1t�KTH2 UjV- r2 b?QmH/ MQi 2tT2+i �Mv irQ �`#Bi`�`v
bm#bT�+2b Q7 Rq Qp2` i?2 `2�Hb iQ #2 ǵ+QKT�`�#H2Ƕ BM i?2 b2Mb2 Q7 QM2 Q7 i?2K #2BM; � bm#bT�+2 Q7 i?2 Qi?2`X

RkX h?2 `2H�iBQM #2ir22M i?2 MQiBQMb Q7 b2i 2[m�HBiv �M/ bm#bT�+2 Q7 bm#bT�+2 7QHHQrb BKK2/B�i2Hv 7`QK i?2B` `2bT2+iBp2
/2}MBiBQMb �M/ HQ;B+X
G2KK� U9VX
amTTQb2 V,W �`2 bm#bT�+2b Q7 Rq Qp2` i?2 `2�HbX h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

URV V = WX
UkV V Bb � bm#bT�+2 Q7 W Qp2` i?2 `2�Hb- �M/ W Bb � bm#bT�+2 Q7 V Qp2` i?2 `2�HbX

RjX q2 �`2 MQr `2�/v iQ bi�i2 i?2 BKTQ`i�Mi `2bmHi �#Qmi /BK2MbBQM r?B+? Bb � TBHH�` Q7 bmTTQ`i 7Q` h?2Q`2K URVX Aib
T`QQ7 Bb #mBHi mTQM i?2 _2TH�+2K2Mi h?2Q`2K- �M/ Bb T`QpB/2/ BM i?2 �TT2M/BtX
h?2Q`2K U8VX UAM2[m�HBiv 7Q` /BK2MbBQMb Q7 ǵ+QKT�`�#H2Ƕ bm#bT�+2bXV
G2i V,W #2 bm#bT�+2b Q7 Rq Qp2` i?2 `2�HbX
amTTQb2 V Bb � bm#bT�+2 Q7 W Qp2` i?2 `2�HbX
h?2M dim(V) ≤ dim(W)X
JQ`2Qp2`- 2[m�HBiv ?QH/b B7 �M/ QMHv B7 V = WX
_2K�`FX h?2 bB;MB}+�M+2 Q7 h?2Q`2K U8V Bb i?�i- mM/2` i?2 �bbmKTiBQM Q7 V #2BM; ǵT�`i Q7Ƕ W UBM i?2 b2Mb2
i?�i i?2 7Q`K2` Bb � bm#bT�+2 Q7 i?2 H�ii2` Qp2` i?2 `2�HbV- r?2i?2` i?2v �`2 i?2 ǵb�K2Ƕ Bb 2MiB`2Hv /2+B/2/ #v r?2i?2`
i?2B` `2bT2+iBp2 /BK2MbBQMb Ur?B+? �`2 Dmbi MmK#2`bV �`2 2[m�H iQ 2�+? Qi?2`X

R9X 1t�KTH2 UkVX UAHHmbi`�iBQM QM i?2 /2}MBiBQM 7Q` i?2 MQiBQM Q7 bm#bT�+2 Q7 � bm#bT�+2 i?`Qm;? MmHH
bT�+2b Q7 K�i`B+2bXV
G2i a1 = [ 1 2 2 4 ]- a2 = [ 1 3 3 5 ]- a3 = [ 2 6 5 6 ]- �M/

A =

[
a1
a2
a3

]
, B =

[
a1
a2

]
, C =

[
a2
a3

]
, D = [ a2 ].

U�V qBi?Qmi bQHpBM; �Mv 2[m�iBQM- r2 FMQr i?�i,ě
BX N (A) Bb � bm#bT�+2 Q7 N (B)X

_2�bQM BM TH�BM rQ`/b, 1p2`v bQHmiBQM Q7 LS(A, 03) rBHH �miQK�iB+�HHv #2 � bQHmiBQM Q7 LS(B, 02)X
BBX N (A) Bb � bm#bT�+2 Q7 N (C)X

_2�bQM BM TH�BM rQ`/b, 1p2`v bQHmiBQM Q7 LS(A, 03) rBHH �miQK�iB+�HHv #2 � bQHmiBQM Q7 LS(C, 02)X
BBBX N (A) Bb � bm#bT�+2 Q7 N (D)X

_2�bQM BM TH�BM rQ`/b, 1p2`v bQHmiBQM Q7 LS(A, 03) rBHH �miQK�iB+�HHv #2 � bQHmiBQM Q7 LS(D, 01)X
BpX N (B) Bb � bm#bT�+2 Q7 N (D)X

_2�bQM BM TH�BM rQ`/b, 1p2`v bQHmiBQM Q7 LS(B, 02) rBHH �miQK�iB+�HHv #2 � bQHmiBQM Q7 LS(D, 01)X
pX N (C) Bb � bm#bT�+2 Q7 N (D)X

_2�bQM BM TH�BM rQ`/b, 1p2`v bQHmiBQM Q7 LS(C, 02) rBHH �miQK�iB+�HHv #2 � bQHmiBQM Q7 LS(D, 01)X
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U#V AM 7�+i- i?2 `2/m+2/ `Qr@2+?2HQM 7Q`Kb A′, B′, C ′, D′ r?B+? �`2 `2bT2+iBp2Hv `Qr@2[mBp�H2Mi iQ A,B,C,D �`2
;Bp2M #v

A′ =

[
1 0 0 2
0 1 0 −3
0 0 1 4

]
, B′ =

[
1 0 0 2
0 1 1 −1

]
, C ′ =

[
1 3 0 −7
0 0 1 4

]
, D′ = D = [ 1 3 3 5 ].

LQi2 i?�i i?2 `2bT2+iBp2 /BK2MbBQMb Q7 N (A) ,N (B) ,N (C) ,N (D) �`2 1, 2, 2, 3X
aQ dim(N (A)) ≤ dim(N (B))- dim(N (A)) ≤ dim(N (C))- dim(N (A)) ≤ dim(N (D))- dim(N (B)) ≤ dim(N (D))-
dim(N (C)) ≤ dim(N (D))- �b 2tT2+i2/X

U+V "v BMbT2+iBM; i?2 K�i`B+2b B′, C ′- r2 b22 i?�i,ě
BX N (B) Bb MQi � bm#bT�+2 Q7 N (C)X

_2�bQM BM TH�BM rQ`/b,




−2
0
−1
1



 Bb � bQHmiBQM Q7 LS(B, 02)- #mi MQi � bQHmiBQM Q7 LS(C, 02)X

BBX N (C) Bb MQi � bm#bT�+2 Q7 N (B)X

_2�bQM BM TH�BM rQ`/b,




−3
1
0
0



 Bb � bQHmiBQM Q7 LS(C, 02)- #mi MQi � bQHmiBQM Q7 LS(B, 02)X

Ai b?QmH/ #2 MQi2/ i?�i ǵdim(N (B)) = dim(N (C))Ƕ /Q2b MQi M2+2bb�`BHv BKTHv ǵN (B) = N (C)Ƕ, `B;?i BM i?2
}`bi TH�+2- M2Bi?2` Q7 N (B) ,N (C) Bb � bm#bT�+2 Q7 i?2 Qi?2`X

R8X Jm+? Q7 1t�KTH2 UkV Bb �M BHHmbi`�iBQM Q7 � ;2M2`�H `2bmHi �#Qmi MmHH bT�+2X
h?2Q`2K UeVX

G2i A #2 � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2bX amTTQb2 Â Bb � K�i`Bt rBi? q +QHmKMb r?Qb2 `Qrb �`2 �KQM;bi i?2 `Qrb
Q7 AX

h?2M N (A) Bb � bm#bT�+2 Q7 N
(
Â
)

Qp2` i?2 `2�HbX

JQ`2Qp2`- dim(N (A)) ≤ dim
(
N
(
Â
))

X UaQ i?2 MmHHBiv Q7 A Bb MQ ;`2�i2` i?�M i?2 MmHHBiv Q7 ÂXV

_2K�`FX h?2 T`QQ7 Bb H27i �b �M 2t2`+Bb2- �b �M �TTHB+�iBQM Q7 h?2Q`2K U8VX h?2 �`;mK2Mi ?BM;2b QM i?2
Q#b2`p�iBQM Ur?B+? M22/b iQ #2 DmbiB}2/V i?�i ;Bp2M i?�i i?2 `Qrb Q7 A- 7`QK iQT iQ #QiiQK- �`2 a1,a2, · · · ,ap- 2p2`v
bQHmiBQM Q7 LS(A, 0p) Bb � bQHmiBQM Q7 2�+? LS(ak, 01)X
6m`i?2` `2K�`FX >2`2 r2 `27`�BM 7`QK b�vBM; �Mvi?BM; �#Qmi i?2 M2+2bb�`v �M/ bm{+B2Mi +QM/BiBQM 7Q` i?2
2[m�HBiv ǵdim(N (A)) ≤ dim

(
N
(
Â
))

Ƕ iQ ?QH/X h?Bb K�ii2` rBHH #2 ?�M/H2/ �7i2` r2 ?�p2 H2�`Mi i?2 _�MF@MmHHBiv
6Q`KmH�X

ReX 1t�KTH2 UjVX UAHHmbi`�iBQM QM i?2 /2}MBiBQM 7Q` i?2 MQiBQM Q7 bm#bT�+2 Q7 � bm#bT�+2 i?`Qm;? bT�MbXV

G2i x1 =





2
−1
3
1
2



- x2 =





1
2
−1
5
2



- x3 =





2
1
−3
6
1



- x4 =





−6
7
−1
1
1



- �M/

T = aT�M ({x1,x2}),U = aT�M ({x1,x2,x3}),V = aT�M ({x1,x2,x4}),W = aT�M ({x1,x2,x3,x4}).

U�V �++Q`/BM; iQ i?2 /2}MBiBQM Q7 bT�Mb �M/ HBM2�` +QK#BM�iBQMb- r2 FMQr i?�i,ě
BX T Bb � bm#bT�+2 Q7 U Qp2` i?2 `2�HbX

_2�bQM BM TH�BM rQ`/b, 1p2`v HBM2�` +QK#BM�iBQM Q7 x1,x2 rBHH �miQK�iB+�HHv #2 � x1,x2,x3X
BBX T Bb � bm#bT�+2 Q7 V Qp2` i?2 `2�HbX

_2�bQM BM TH�BM rQ`/b, 1p2`v HBM2�` +QK#BM�iBQM Q7 x1,x2 rBHH �miQK�iB+�HHv #2 � x1,x2,x4X
BBBX T Bb � bm#bT�+2 Q7 W Qp2` i?2 `2�HbX

_2�bQM BM TH�BM rQ`/b, 1p2`v HBM2�` +QK#BM�iBQM Q7 x1,x2 rBHH �miQK�iB+�HHv #2 � x1,x2,x3,x4X
BpX U Bb � bm#bT�+2 Q7 W Qp2` i?2 `2�HbX

_2�bQM BM TH�BM rQ`/b, 1p2`v HBM2�` +QK#BM�iBQM Q7 x1,x2,x3 rBHH �miQK�iB+�HHv #2 � x1,x2,x3,x4X
pX V Bb � bm#bT�+2 Q7 W Qp2` i?2 `2�HbX

_2�bQM BM TH�BM rQ`/b, 1p2`v HBM2�` +QK#BM�iBQM Q7 x1,x2,x4 rBHH �miQK�iB+�HHv #2 � x1,x2,x3,x4X
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U#V q`Bi2
A = [ x1 x2 ] , B = [ x1 x2 x3 ] , C = [ x1 x2 x4 ] , D = [ x1 x2 x3 x4 ] .

h?2 `2/m+2/ `Qr@2+?2HQM 7Q`Kb A′, B′, C ′, D′ r?B+? �`2 `2bT2+iBp2Hv `Qr@2[mBp�H2Mi iQ A,B,C,D �`2 ;Bp2M #v

A′ =





1 0
0 1
0 0
0 0
0 0



, B
′ = C ′ =





1 0 0
0 1 0
0 0 1
0 0 0
0 0 0



, D
′ =





1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0



.

LQi2 i?�i i?2 `2bT2+iBp2 /BK2MbBQMb Q7 T ,U ,V,W �`2 2, 3, 3, 4X
aQ dim(T ) ≤ dim(U)- dim(T ) ≤ dim(V)- dim(T ) ≤ dim(W)- dim(U) ≤ dim(W)- dim(V) ≤ dim(W)- �b
2tT2+i2/X

U+V "v BMbT2+iBM; D′- r2 b22 i?�i i?�i,ě
BX U Bb MQi � bm#bT�+2 Q7 V Qp2` i?2 `2�HbX

_2�bQM BM TH�BM rQ`/b, x3 Bb � HBM2�` +QK#BM�iBQM Q7 x1,x2,x3- #mi MQi � HBM2�` +QK#BM�iBQM Q7 x1,x2,x4X
BBX V Bb MQi � bm#bT�+2 Q7 U Qp2` i?2 `2�HbX

_2�bQM BM TH�BM rQ`/b, x4 Bb � HBM2�` +QK#BM�iBQM Q7 x1,x2,x4- #mi MQi � HBM2�` +QK#BM�iBQM Q7 x1,x2,x3X
Ai b?QmH/ #2 MQi2/ i?�i ǵdim(U) = dim(V)Ƕ /Q2b MQi M2+2bb�`BHv BKTHv ǵU = VǶ, `B;?i BM i?2 }`bi TH�+2- M2Bi?2`
Q7 U ,V Bb � bm#bT�+2 Q7 i?2 Qi?2`X

RdX 1t�KTH2 UjV Bb �M BHHmbi`�iBQM 7Q` � ;2M2`�H `2bmHi �#Qmi bT�MX
h?2Q`2K UdVX
G2i u1,u2, · · · ,uq ∈ Rp- �M/ U = aT�M({u1,u2, · · · ,uq})X

amTTQb2 Ũ Bb i?2 bT�M Q7 bQK2 �KQM;bi u1,u2, · · · ,uq- b�v- uj1 ,uj2 , · · · ,uj! X

h?2M Ũ Bb � bm#bT�+2 Q7 U Qp2` i?2 `2�HbX

JQ`2Qp2`- dim
(
Ũ
)
≤ dim(U)X

1[m�HBiv ?QH/b B7 �M/ QMHv B7 uk Bb � HBM2�` +QK#BM�iBQM Q7 uj1 ,uj2 , · · · ,uj! 7Q` 2�+? k = 1, 2, · · · , qX
_2K�`FX h?2 T`QQ7 Bb H27i �b �M 2t2`+Bb2 QM i?2 �TTHB+�iBQM Q7 h?2Q`2K U8VX h?2 �`;mK2Mi `2HB2b QM i?2 /2}MBiBQM
7Q` i?2 MQiBQMb Q7 HBM2�` +QK#BM�iBQM �M/ bT�MX

R3X q2 +�M `2@7Q`KmH�i2 h?2Q`2K UdV BM i2`Kb Q7 +QHmKM bT�+2X
h?2Q`2K U3VX U*Q`QHH�`v iQ h?2Q`2K UdVXV
G2i G #2 � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2bX

amTTQb2 G̃ Bb � K�i`Bt rBi? p `Qrb r?Qb2 +QHmKMb �`2 bQK2 �KQM;bi i?Qb2 Q7 GX

h?2M C
(
G̃
)

Bb � bm#bT�+2 Q7 C(G) Qp2` i?2 `2�HbX

JQ`2Qp2`- dim
(
C
(
G̃
))

≤ dim(C(G))X UaQ i?2 `�MF Q7 G̃ Bb MQ ;`2�i2` i?�M i?2 `�MF Q7 GXV

1[m�HBiv ?QH/b B7 �M/ QMHv B7 2�+? +QHmKM Q7 G Bb � HBM2�` +QK#BM�iBQM Q7 i?2 +QHmKMb Q7 G̃X

RNX h?2 `2bmHi #2HQr 7QHHQrb 7`QK h?2Q`2K U3V �M/ i?2 HBMF�;2 #2ir22M `Qr bT�+2 �M/ +QHmKM bT�+2 BM i?2B` /2}MBiBQMbX
h?2Q`2K UNVX U*Q`QHH�`v iQ h?2Q`2K UdVXV
G2i H #2 �M (m× n)@K�i`Bt rBi? `2�H 2Mi`B2bX

amTTQb2 H̃ Bb � K�i`Bt rBi? n +QHmKMb r?Qb2 `Qrb �`2 �KQM;bi i?Qb2 Q7 HX

h?2M R
(
H̃
)

Bb � bm#bT�+2 Q7 R(H) Qp2` i?2 `2�HbX

JQ`2Qp2`- dim
(
R
(
H̃
))

≤ dim(R(H))X UaQ i?2 `�MF Q7 H̃ Bb MQ ;`2�i2` i?�M i?2 `�MF Q7 HXV

1[m�HBiv ?QH/b B7 �M/ QMHv B7 2�+? `Qr Q7 H Bb � HBM2�` +QK#BM�iBQM Q7 i?2 `Qrb Q7 H̃X
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